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Abstract. We prove that if (vi) is a normalized basic sequence and X is a 
Banach space such that every normahzed weakly null sequence in X has a 
subsequence that is dominated by (i>i), then there exists a uniform constant 
C > 1 such that every normalized weakly null sequence in X has a subsequence 
that is C-dominated by (vi). This extends a result of Knaust and Odell, who 
proved this for the cases in which (vi) is the standard basis for £p or cq. 



1. Introduction 

In some circumstances, local estimates give rise to uniform global estimates. An 
elementary example of this is that every continuous function on a compact met- 
ric space is uniformly continuous. Uniform estimates are especially pertinent in 
functional analysis, as one of the cornerstones to the subject is the Uniform Bound- 
edness Principle. Because uniform estimates are always desirable, it is important 
to determine when they occur. In this paper, we are concerned with uniform upper 
estimates of weakly null sequences in a Banach space. Before stating precisely what 
we mean by this, we give some historical context. 

For each 1 < p < oo, Johnson and Odell JO] have constructed a Banach space X 
such that every normalized weakly null sequence in X has a subsequence equivalent 
to the standard basis for £p, and yet there is no fixed C > 1 such that every normal- 
ized weakly null sequence in X has a subsequence C— equivalent to the standard 
basis for £p. A basic sequence (xi) is equivalent to the unit vector basis for £p if it 
has both a lower and an upper £p estimate. That is there exist constants C, K > 1 
such that: 

-^(E < II E «^^»ii ^ ^(E i^'i")'^" ^(«^) e coo. 

The examples of Johnson and Odell show that the upper constant C and the lower 
constant K cannot always both be chosen uniformly. It is somewhat surprising then 
that Knaust and Odell proved |K02| that actually the upper estimate can always 
be chosen uniformly. Specifically, they proved that for every Banach space X if each 
normalized weakly null sequence in X has a subsequence with an upper £p estimate, 
then there exists a constant C > 1 such that each normalized weakly null sequence 
in X has a subsequence with a C-upper £p estimate. They also proved earlier the 
corresponding theorem for upper cq estimates jKOlj . The standard bases for £p, 
1 < p < oo and cq enjoy many strong properties which Knaust and Odell employ in 
their papers. It is natural to ask what are some necessary and sufficient properties 
for a basic sequence to have in order to guarantee the uniform upper estimate. In 
this paper we show that actually all normalized basic sequences give uniform upper 
estimates. We make the following definition to formalize this. 
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Definition 1.1. Let V = (wn)^i be a normalized basic sequence. A Banach 
space X has property (Sy) if every normalized weakly null sequence (a;„) in X has 
a subsequence (?/„) such that for some constant C < cxd 



(1) 



OO 



< C for all (q;„) e Coo with 



< 1. 



X has property {Uv) if C may be chosen uniformly. We say that (y„) has a 
C-upper y-estimate (or that V C-dominates {un j) if (1) holds for C, and that (?/„) 
has an upper T/-estimate (or that V dominates (?/n)) if (1) holds for some C. 

Using these definitions, we can formulate the main theorem of our paper as: 

Theorem 1.2. A Banach space has property (Sy) if and only if it has property 
{Uv). 

{Sv) and (C/y ) are isomorphic properties of V ^ so it is sufficient to prove Theorem 
11.21 for only normalized bimonotone basic sequences. 

In section 2 we present the necessary definitions and reformulate our main results. 
We break up the main proof into two parts which we give in sections 3 and 4. In 
section 5 we give some illustrative examples which show in particular that our result 
is a genuine extension of [K02| and not just a corollary. 

For a Banach space X we use the notation Bx to mean the closed unit ball of 
X and Sx to mean the unit sphere oi X. If F C X we denote [F] to be the closed 
linear span of F in X . If is a sequence in N, we denote [N\^ to be the set of all 
infinite subsequences of N . 

This paper forms a portion of the author's doctoral dissertation, which is being 
prepared at Texas A&M University under the direction of Thomas Schlumprecht. 
The author thanks Dr. Schlumprecht for his invaluable help, guidance, and pa- 
tience. 



2. Main Results 

Here we introduce the main definitions and theorems of the paper. Many of our 
theorems and lemmas are direct generalizations of corresponding results in |K02j . 
We specify when we are able to follow the same outline as a proof in [K02| , and 
also when we are able to follow a proof exactly. 

Definition 2.1. Let X be a Banach space and V — {vn)'^^i be a normalized 
bimonotone basic sequence. With the exception of (ii), the following definitions are 
adapted from K02]. 

(i) A sequence (a;„) in X is called a uV-sequence if ||x„|| < 1 for all n G N, 
(xn) converges weakly to 0, and 



sup 



<1 



E 



{xn) is called a C-uV-sequence if 



sup 

(«")~=ie-Bv 



OO 

E 



OinXn 



< OO. 



< C. 
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(ii) A sequence in X is called a hereditary uV-sequence, if every subse- 
quence of {xn) is a uF-sequence, and is called a hereditary C-uV-sequence 
if every subsequence of (a;„) is a C-uy-sequence. 

(iii) A sequence (Xn) in X is called an M-bad-uV sequence for a constant M < oo, 
if every subsequence of (a;„) is a uF-sequence, and no subsequence of (a;„) 
is an M-uy-sequence. 

(iv) An array (a;")°^^^ in X is called a bad uV-array, if each sequence (a;")^^ 
is an M„-bad uV^-sequence for some constants A/„ with M„ — > cx). 

(v) (yf)- j.^^ is called a subarray of (a;")°^^;^, if there is a subsequence (ti^) of 

N such that every sequence (yf)^^ is a subsequence of (a;"'')^^. 

(vi) A bad uV^-array (a;")°^^]^ is said to satisfy the V-array procedure, if there 
exists a subarray (j/f ) of (xf) and there exists (a„) C IR+ with a„ < 2^", 
for all n G N, such that the weakly null sequence (j/i) with yi := '^nUf 
has no uV^-subsequence. 

(vii) X satisfies the V-array procedure if every bad ul^-array in X satisfies the 
y-array procedure. X satisfies the V-array procedure for normalized bad 
uV- arrays if every normalized bad uT^-array in X satisfies the y-array pro- 
cedure. 

Note: A subarray of a bad uV-array is a bad uF-array. Also, a bad uV-array 
satisfies the y-array procedure if and only if it has a subarray which satisfies the 
F-array procedure. 

Our Theorem 11.21 is now an easy corollary of the theorem below. 

Theorem 2.2. Every Banach space satisfies the V-array procedure for normalized 
bad uV -arrays. 

Theorem 12.21 implies Theorem 1 1 . 21 because if a Banach space X has property Sv 
and not Uy then there exists a normalized bad uT^-array, and the l^-array procedure 
gives a weakly null sequence in Bx which is not uV^; contradicting X being Uy- 

The proof for Theorem 12.21 will be given first for the following special case. 

Proposition 2.3. Let K be a countable compact metric space. Then C(K) satisfies 
the V-array procedure. 

The case of a general Banach space reduces to this special case by the following 
proposition. 

Proposition 2.4. Let (a;")"^^^ normalized bad uV-array in a Banach space 
X. Then there exists a subarray (y") of (xf) and a countable w* -compact subset K 
of By , where Y := [yf]°^^]^, such that (yf |k) is a bad uV -array in C(K). 

Theorem l2.2l is an easy consequence of Proposition l2 . 31 and 12 .41 Note that Propo- 
sition [2T4l is only proved for normalized bad uV^-arrays. This makes the proof a little 
less technical. 

Before we prove anything about sub-arrays though, we need to first consider 
just a single weakly null sequence. One of the many nice properties enjoyed by the 
standard basis for Ip which we denote by (ci) is that (e^) is 1-spreading. This is 
the property that every subsequence of (e^) is 1-equivalent to (e^). Spreading is 
of particular importance because it implies the following two properties which are 
implicitly used in |K02] : 
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(i) If (e^) C-dominates a sequence (xi) then (e^) C-doniinates every subse- 
quence of (Xi). 

(ii) If a sequence (xi) C-dominates (e^) then (xi) C-dominates every subse- 
quence of (Ci). 

Throughout the paper, we wiU be passing to subsequences and subarrays, so prop- 
erties (i) and (ii) would be very useful for us. In our paper we have to get by without 
property (ii). On the other hand, for a given sequence that does not have prop- 
erty (i), we may use the following two results, which are both easy consequences of 
Ramsey's theorem (c.f. [OJ, and will be needed in subsequent sections. 

Lemma 2.5. Let V = (wi),^x normalized bimonotone basic sequence. If 

^ sequence in the unit ball of some Banach space X, such that every 
subsequence of {xi)°^-^ has a further subsequence which is dominated by V then 
there exists a constant 1 < C < oo and a subsequence {yi)°Zi of {xi)°^^ so that 
every subsequence of {yi)°^i is C-dominated by V. 



Proof Let An = {(™/c)^i e 



{xmk) is 2" dominated by V}. 



1 = Af„ e 
^ C A„ for 



A„ is Ramsey, thus for all n G N there exists a sequence (m")! 
[Mn-i^ such that [M„]" C An or [M„]'^ C A^. We claim that [M,^^ 
some ri G N, in which case we could choose {yi)^i = {xm^^^i- Every subsequence 
of {yi)°^i is then 2"-dominated by V. 

If our claim where false, we let (j/n)^! — {^rn^)'^-i ^^'^ iyk„)^=i be a subse- 



quence of {yn)n=i foi' which there exists C < oo such that {yk„)j 
by V. Let G N such that 2^ -2N > C and set 



is C-dominated 



iii<N, 
\ii> N. 



Then G [Afjv]'^ C Ay which imphes that some {ai)^^-^ C [—1,1] exists 



such that 



< 1 and 



> 2^ . This yields 



2^< 



L 

ttixi^ 



4=1 



N 



EOiX k. 



<N + 



<2N - 



< 2N- 



i=N+l 
N 



z=l 
L 



i=N+l 



which implies 



C < 2 



N 



2N < 



L 

atVki 



Thus (2/fc„)5^i being C-dominated by V is contradicted. 



□ 
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The following lemma is used for a given (xi) to find a subsequence (jji) and a 
constant C > 1 such that (vi) C-dominates every subsequence of (yi) and that C 
is approximately minimal for every subsequence of (j/i). 

Lemma 2.6. Let V — (i'n)J^i be a normalized himonotone basic sequence, {xn)'^^i 
he a sequence in the unit hall of some Banach space X, and a„ y cx) with ai — 0. 
// every subsequence of (a;n)^i has a further subsequence which is dominated by V 
then there exists a subsequence {yn)n=i of {xn)n=i '^'^d an N G N such that every 
subsequence of {yn)^=i is on +i- dominated by V but not aj^-dominated by V. 

Proof. By the previous lemma, we may assume by passing to a subsequence that 
there exists C < oo such that every subsequence of {xn)'^^i is C-dominated by V. 
Let M G N such that om <C < om+i- For 1 < tt, < M let 

A„ = ( (m,) e [Nf I (^"-,)?°=i is «"+i-dominatf d by Vl 
' ' ' and IS not a„-dommated by V. J 

An is Ramsey, and {^n}*Li forms a finite partition of [N]" which implies that 
there exists N < M and (m^) e [N]'^ such that [{mk)^^i]'^ C An. Every subse- 
quence of (yn) ■= {xm„) is aAT+i-dominated by V and not aAr-dominated by V. □ 

3. Proof of Proposition 12.31 

Proposition l2.3l will be shown to follow easily from a characterization of countable 
compact metric spaces along with transfinite induction using the following result. 

Lemma 3.1. Let (Xn) be a sequence of Banach spaces each satisfying the V-array 
procedure. Then (^'^^i Xn)^^ satisfies the V-array procedure. 

To prove Lemma [XT] we will need the following lemma which is stated in [K02j 
for £p as Lemma 3.6. The proof for general V follows the outline of its proof. 

Lemma 3.2. Let (Xn) be a sequence of Banach spaces each satisfying the V-array 
procedure and let (cc") be a bad uV-array in some Banach space X. Suppose that 
for all m gN there is a bounded linear operator Tm ■ X — > Xm with \\Tm\\ < 1 such 
that {TmX'^)i^i is an m-bad uV-sequence in Xm. Then (x") satisfies the V-array 
procedure. 

Proof. We first consider Case 1: There exists m G N and a subarray (yf) of (xf) 
such that {Tmy^)^n=i is ^ i-*^*^ uF-array in X,„. {Tmy^)^n=i satisfies the V- 
array procedure because X.^ does. Therefore, there exists a subarray {TmZ^)^n=i 
of (r„,?/f)°°„^, and (a„) C M+with a„ < 2"" such that (E^=i an^^m^D^"^! has 
no uy-subsequence. has no uy-subsequence because \\Tm\\ < 1. 

Therefore and hence {x^)^n=i satisfies the V-array procedure. 

Case 2: If Case 1 is not satisfied then for all m G N and every subarray (y") 
of (a;"), we have that {Tmy^) is not a bad uV-array in Xm. We may assume by 
passing to a subarray and using Lemma [2.51 that there exists (^n)^i C N such 
that 

(2) (^Di^i is a hereditary — uV — sequence for all n G N. 

By induction we choose for each to G No a subarray {z^,i)'i^n=i of (a;")i%=i and 
an Mm G N so that 

(3) (^m,J«>=i is a sub-array of if to > 1, 
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(4) = ^iN^<m and i e N, 

(5) {Tm{z'^,i))'iLi is a hereditary Mm-uy-sequence for all n e N if m > 1. 
For m = let fzn,)°° — (x"')°° ^ . Now let m > 1. For each n e N such 

that Nn < m let = {zm-i,i)'^i = ™- For each n G N such that 

Nn > m, using Lemma \2M we let (^m.i)"!^^ be a subsequence of {zm-i,i)°^i for 
which there exists K„ e NU{0} such that {TmZ^^i)'^_^ is a ir„-bad-uy sequence and 
is also a hereditary (iir„ + l)-uV^-sequence. (i^n)5^i is bounded because otherwise 
we are in Case 1. Let Mm — max„gN-f^n + 1- This completes the induction. 

For all n, i e N we have by (|4|) that is eventually constant. Let 

= l™m^oo By ©, «)°°„=i satisfies 

(6) (rm(^"))i^i is a hereditary Afm-uT^-sequence for all m, n e N. 

We will now inductively choose (m„) G [N]" and (a„) C K+ so that for all n e N 
we have: 

(7) ('^mn-2^I"")i^i is an m„ -bad uV sequence in 

(8) a„m„ > n, 

(9) ^ajNmj < " , and 

(10) 0<a„< min {2-",2-"|^}. 

l<fc<n iMrrik 

Property ([7]) has been assumed in the statement of the Lemma. For n=l let 
ai = ^ and mi £ N such that aimi > 1, so dS]) is satisfied. ([9]) and (fTO]) are 
vacuously true for n=l, so all conditions are satisfied for n = 1. 

Let n > 1 and assume (aj)jL-|^ and {mj)^~^ have been chosen to satisfy ([9|) 

and ((10|). Choose a„ > smah enough such that a„ < mini<fe<„ |2^", 2~"^g5^|, 

thus satisfying (jTU]). Choose m„ > large enough to satisfy ([HI and This 
completes the induction. 

By (Uni) , we have for all n G N that 

oo 

(11) 2^ ajMm„ < 

j=n+l 

We have by (fTII|) that < for all j G N, so ?/fc := X^jli ^j^^k' is a valid 
choice for the V-array procedure. Let C > and (?/fc.) be a subsequence of (y^). 
We need to show that (y^J is not a C-uF-sequence. Using ([8]), choose n G N so 
that a„m„ > 2C. Using ([7]) choose ^ G N and (/3i)i=i G -^[v Y such that 

(12) >"^"- 
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We now have the foUowing 



i=l 



> 



I oo 
i—1 j—n 



> an 



j=n+l 
n-l 



i n-1 
i=l j=l 



1=1 



since |lr„. 11 < 1 



E/5<^ 



i=i 



> a„TO„ - ^ aj Mm„ - ajNm, by (HH) , (H]) , and © 

> a„m„ - a„m„/4 - a„m„/4 by ([9]) and (ITT|) 
= a„m„/2 > C. 



Therefore, (yfej is not a C-uV-sequence. (yOi^i =(^X]jli '^i^™^ j . '^o 
subsequence, so (x") satisfies the V-array procedure which proves the lemma. □ 

Now we are prepared to give a proof of Lemma [XTl We foUow the outhne of the 
proof of Lemma 3.5 in [K02| . 

Proof of Lemma UJl let (xf ) be a bad uV-array in X = (X]^n)co ^^"^ • ^ 
Xm be the natural projections. 

Claim: For all M < oo there exists n,m e N and subsequence {yi)^i of (x")^j^ 
such that {Rmyi)'^i is an M-bad uF-sequence. 

Assuming the claim, we can find (^n)J^i S [N]'^, {'rn{n))^^^ C N, and subse- 
quences (yf of ^xf'"^ such that {Rm(n)yi')°^i is an n-bad uT^ sequence for 
all n e N. By passing to a subsequence, we may assume either that m(n) = m 
is constant, or that {m{n))'^^-^ e [N]'^. If m(n) = m, then Rm{yl'')'^i=i is a bad 
uF-array in Xm- Rm{yi')'^i^i satisfies the V-array procedure, and thus 
satisfies the V-array procedure. If G [N]" let T„ := i?m(r!) I and 

apply Lemma [221 to the array to finish the proof. 

To prove the claim, we assume it is false. There exists M < oo such that for all 
m,n G N every subsequence of contains a further subsequence {yi)^i such 

that {Rmyi)'iLi is an M-u^-sequence. 

By Ramsey's theorem, for each n £ N and m £ N every subsequence of 
contains a further subsequence (y^i^i such that {RmyiYiLi is a hereditary M- 
uF-sequence. Fix n G N such that (a;")^-^ is an (M-|-3)-bad uF-sequence. We 
now construct a nested collection of subsequences {{yk,i)'^i}kLo of [x^)^i (where 
(?/o.i)£i = {x^)lZi) ■^^ii ("^«) S [N]'^ so that for all fc e N we have 



(13) 



sup \\Rniyk-l,k\\ < 2" 
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(14) 



{yk,i)'^i is a subsequence of {yk-i,i)'^2^ 



(15) 



{Rmyk,i)'iLi is a hereditary M-uV-sequence Vm < m^. 



For k=l we choose toi e N such that sup„>^^ l|-Rm2/o,i|| < 2^^. Pass to a sub- 
sequence (yi,i)i^i of (yo,i)^2 such that (i?m?/i,z)i^i is a hereditary M-uV^-sequence 
for aU TO < TOi. 

For fc > 1 given irik-i G N and a sequence (yfe-i,i)i^fc- Choose TOfc > mk~i 
so that sup,„>„^ ||i?myfc-i,fc|| < 2"'', thus satisfying US]). Let {yk,i)°Zi be a sub- 
sequence of (j/fe-i,i)i^2 ^'^^^ {Rmyk,i)^i is a hereditary M-uF-sequence for aU 
m < ruk, thus satisfying (fT4|) and (fT5|) . This completes the induction. 

We define j/fc = 2/fc-i,fe for all fc e N. By HH), we have that {yk,i)i=i U (2/i)J^fc+i 
is a subsequence of {yk,i)^i- Therefore, ([T5|) gives that 

(16) (vO,^fc+i M-dominates (i?,„y,J,^fc+iVm < to^, (q,) e [Nf , and fc £ N. 
(^^Di^i is ^ (-^^ + 3)-bad uV sequence, so there exists (aj £ such that 



(17) 



E 



> M -t- 3. 



For all fc G N and to G (mi_i, rrii] (with toq = 0) we have that 



i?.,„ {ail 



i=l 



k-l 

< \\R,ny^\\ + \\Rm{akyk)\\ 

i=l 
k-l 



< 



CtiRmiyi) 



i=k+l 



<l + l + M by C 



by Hal) 



which implies 



i=l 



= sup II Vi?™(a,y,) II < M + 2. 

This contradicts ([T7)) . so the claim and hence the lemma is proved. □ 
The proof for proposition 12.31 now follows in exactly the same way as in |K02| . 



Proof of Proposition \2.3[ For every countable limit ordinal a we can find a sequence 
of ordinals /3„ < a, /?„ a such that C{a) is isomorphic to (^ C (/3n))co- Using in- 
duction and Lemma |3. II we obtain that all C(a)-spaces, where a is a countable limit 
ordinal, satisfy the V-array procedure. Thus, in view of the isomorphic classification 
of C(-fr)-spaces for countable compact metric spaces K (see |BP) ). all C(if )-spaces 
for countable compact metric spaces K satisfy the V-array procedure. □ 
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4. Proof of Proposition 12.41 

The proof of Theorem 1 2 . 21 will be complete once we have proven proposition 1 2. 41 
To make notation easier, we now consider the triangulated version (xf) i<:n<i<oc 
the square array ix^)'^n=i- 

Lemma 4.1. A square array satisfies the V-array procedure if and only if it's 
triangulated version does. 

Proof If (2/?)^„^i is a subarray of ixl)'^^^^ then {y?)l<„<^<oo a triangular sub- 
array of (xf)i<„<,<^. Also if (2/r)i<„<,<oo is a triangular subarray of 
then (2;r)i<„<,<oo may be extended to a subarray of )°°„^i by letting (yf = 

(-^i )i<n- 

We now show that applying the \^-array procedure to n—i and iUj^) i<^n<i<oo 
yield equivalent sequences. For all n e N let < |a„| < 2^", Zi = J2n=i '^nUi', and 
Vi = Y.n=i ^nV?- For aU m e N if iPt)"!^ e B[v] then 



i=l 



i=l 



n—i+1 



n—i+1 



Thus we have that hm„_oo lEili A^jII = oo if and only if hm„i^oo lElli Ay* II = 
oo, which implies the claim. 

□ 

Lemma 4.2. For all e > 0, a triangular bad uV-array (a;")^^^ admits a triangular 
subarray (2/f)„<j which is basic in its lexicographical order (where i is the first letter 
and n is the second letter), and its basis constant is not greater than 2 + e (meaning 
the supremum of the norm of the projections onto the span generated by intervals 
of the basis). In other words J/i, 2/21 2/2i 2/3i yfi 2/3j ^l--- ^■s o, basic sequence. 

Proof. The proof is the same as the proof that a weakly null sequence has a basic 
subsequence. □ 

We now assume that the given bad uF-array (x") is labeled triangularly and that 
it is a bimonotone basic sequence in its lexicographical order. This assumption 
is valid because the properties "being a bad uF-array" and "satisfying the V- 
array procedure" are invariant under isomorphisms. We also assume that (x") is 
normalized. 

The following theorem is our main tool used to construct the subarray (y") of 
(x") and the countable w* -compact set K C for Proposition 12.41 

Theorem 4.3. Assume that {x^)i<n<i is a normalized triangular array in X , such 
that for every n G N the sequence {x^)°^-^ is weakly converging to 0. Let V — (vi) 
be a normalized basic sequence and let (C„) C [0,00) and e > 0. 

Then (xf) has a triangular sub-array (y") with the following property: 
For all n, g G N and all n < ii < i2 . . ■ < iq all [ajYj^i G By with \\ ^iVfj II ^ 

Cn there is a g £ (2 + e)i?x* o.nd G By , so that 
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(18) E5(/^J-<)^C'„, 
i=i 

(19) givT) = whenever m < i and i ^ {ii, ?2: ■ • ■ 

// we also assume that (a;")i<n<j a bimonotone basic sequence in its lexico- 
graphical order then there exists {ij) G [N]" so that we may choose the sub-array 
iUj') by setting y" = x" for all n < j. In this case we have the above conclusion 
for some 5 G (1 + €)By* ■ 

Proof. After passing to a sub- array using Lemma [4.21 we can assume that (a;") is 
a basic sequence in its lexicographical order and that it's basis constant does not 
exceed the value 2-|-e/4. We first renorm Z = [a;"] by a norm ||| - 1|| in the standard 
way so that ||2;|| < |||2;||| < (2 + e/4)||z|| and so that (x") is bimonotone in Z. We 
therefore can assume that (a;f ) is a bimonotone basis and need to show the claim 
of Theorem HSl for (1 + e)Bx' instead of (2 + e)Bx' ■ 

Let (efc) C (0, 1) with X^feli < e/4. By induction on fc e No we choose ik E N 
and a sequence Lk G [N]'^, and define y™ = for m < k and m < j < k so that 
the following conditions are satisfied. 

a) ik = min_L/j_i < minL^ and Lk C Lfe-i, if fc > 1 {Lq = N). 

b) For all s,t E Nq, all 1 < to < fc, all m < mi < TO2 < . . . to^ < fc and 
£0 < ^1 < ■•■^t in Lk, if 

(20) 

s t 

3f e Bx' with ^aj/(C^) + ^aj+,/(a;^;) > Cm for some {ajY^tl e B^v] 
j=i j=i 

then 

(21) 

3g e Bx' such that 

s t 

(a) J2f3j9{y::,)+J2f^i+^9{^Z) > Cm for some %Y+X e 
i=i j=i 

(6) |5(y™ )| < f-j if m' < fc and j E {m', . . . fc} \ {toi, . . . TOs}, and 
(c) |5(4o')l <efc+i ifm'<fc + l. 

(in the case that s = condition (b) is defined to be vacuous, also note 
that in (c) we allow m' = fc + 1). 

We first note for (ij) E [N]" that ix''^. )n<j is a subsequence of (x")„<j in their 
lexicographic orders. Thus (x^'. )n<j is a bimonotone basic sequence in its lexico- 
graphic order. 

For fc = 0, if / e Bx' satisfies ^ then g = P^;,. satisfies dSJ) by our 

assumed assumed bimonotonicity. 

Assume fc > 1 and we have chosen zi < 12 < . . . < ik-i- We let i^ = minLfe_i. 
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Fix an infinite M C -/^fc-i \ {^k\^ a- positive integer m < fc, an integer < s < 
— m + 1, and positive integers m < mi < TO2 < ■ ■ • Trig < k and define 

A — A{m, s, (rrijYj^j^) = At, where 
teNo 

A ^f(f)oo p: r,,na> . If (mjYj^i and {(jY^^o satisfy ([201)1 
* Y''ih=o t l^'-^J ■ then they also satisfy ^ J " 

For t € N the set At is closed as a subset of 2^ in the product topology, thus 
A is closed and, thus, Ramsey. We will show that there is an infinite L C M so 
that [L]'^ C A. Once we verified that claim we can finish our induction step by 
applying that argument successively to all choices ofm<fc, anO<s</c and 
TO < TOi < TO2 < . . . TOs < fc, as there are only finitely many. 

Assume our claim is wrong and, using Ramsey's Theorem, we could find an 
L = {£j)°^i so that [L]" DA = 9. 

Let 71 e N be fixed, and let p e {1, 2 . . . , ti}. Then L^p) = {ip^n+i, ■ ■ •} is not in 
A and we can choose t„ S Nq, {oi^Yjl^^ and /„ S Bx* so that (PO)) is satisfied (for 
{In+i, ■ ■ -^i+t) replacing (£i, . . .it) and £p replacing Iq) but for no g G Bx' and 
£ ^[y] condition (PT]) holds. By choosing to be minimal so that is 
satisfied, we can have tri, (a")*^^* and be independent of p. 

We now show that there is a e Bx satisfying (a) and (b) of ((2T|) . 

Let fc' = maxjm— 1 < i < k : i ^ {toi, m2, . . . TOj}}. If fc' < to then 
{toi, . . . , TOs} = {fc' + 1, fc' + 2, . . . , fc} and by our assumed bimonotonicity (7„ := 
M*„ e B^ satisfies (a) and (b) of (HOI)- If fc' > m let < s' < s, such that 

TOi < TO2 < . . . < TOs' < fc', and apply the fc' — 1 step of the induction hypoth- 
esis to /„, (a")*^^^, TO < TOi < . . . < TOg/ (replacing to < toi < . . . < to^), and 
fc' < fc' + 1 < . . . < TOs < 4i+i < • • • < ^t„ (replacing < < . . . < ^t„) to 

obtain a functional g„ G Bx' which satisfies (a) and (b) of (I2ip . 

Since gn cannot satisfy all three conditions of (|2T|) (for any choice of 1 < p < n), 
we deduce that \gn{x^Y^\ > efc+i for some choice of to^ G {1, 2, . . . fc + 1}. 

Let g he a, w* cluster point of {gn)neN- As the set {1, 2, . . . fc + 1} is finite, we 
have for all p G No that \g{xf, '')\ > Ck+i for some nip G {1,2, . . .fc + 1}. Which 
implies there exists 1 < to < fc + 1 such that |(7(a;™)| > e for infinitely many p G N. 
This is a contradiction with the sequence (x'^)°^i being weakly null. Our claim is 
verified, and we are able to fulfill the induction hypothesis. 

The conclusion of our theorem now follows by the following perturbation argu- 
ment. If we have n < ii < 12 ■ ■ ■ < iq and {ajY^^i G By with || Yl'j=i ^jV^ijW — 
C'n, then there exists / G Bx' so that J^j^i '^j f iv? ) — ^n- Our construction 
gives an /i G Bx* with J2'j=i ^j^iu^j) — and \h{y™-)\ < ej if m < q and 
j G {TO',...fc} \ {ii,...iq}. Because (yf) is bimonotone, we may assume that 
h{yf) = for all i > n with i > iq. We perturb h by small multiples of the biorthog- 
onal functional of (yf ) to achieve g G X* with g{yf) — h{y'^) for i G {ii, ■ ■ ■ ,iq} 
and giy"^) = for i ^ {ii, . . . , iq}. Thus g satisfies (ITSl) and p9|) . All that remains 
is to check that 5 G (1 + e)Bx'- Because (y") is normahzed and bimonotone, we 
can estimate \\g\\ as follows: 

\\g\\<\\h\\ + \\g-h\\<l+Y.^'j<^ + l- 
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□ 

We are now prepared to give the proof of Proposition 12.41 We follow the same 
outline of the proof given in |K02j for Proposition 3.4. 

Proof of Proposition \2.4\ Let (x") be a normahzed bad uV-array in X and let M„, 
for n G N, be chosen so that the sequence {xf)°^^ is an M„-bad wF-sequence 
and linin^oo — oo. By Lemma 14.11 we just need to consider the triangular 
array {xf)n<i- By passing to a subarray using Lemma [4.21 and then renorming, 
we may assume that (a;")„<i is a normalized bimonotone basic sequence in its 
lexicographical order. 

We apply Theorem 14. 31 for e = 1 and (C„) — (M„) to obtain a subarray {y^)n<i 
that satisfies the properties and ([TO)). Moreover (y") in its lexicographical 
order is a subsequence of (cc") in its lexicographical order, and thus is bimonotone. 
Furthermore, (yf is a subsequence of for all n G N. We denote Y = 

[y^]n<^■ 

Let F{n) be a finite 2;^-net in [—2, 2] which contains the points 0,-2, and 2. 
Whenever we have a functional g G 2Bx* which satisfies conditions ^TE\i and (fTO|) 
we may perturb g by small multiples of the biorthogonal functions of (y")n<i to 
obtain / G 3Bx' which satisfies (IT5|) . (fTOl) . and the following new condition 

(22) /(yf) G F{n) for aU n<i. 

We now start the construction of K. Let Y = [y"]„<i and m G N. We define the 
following, 

{m < ki < k2 < ■■■ < kg, 
(fci, fc,) I II ^-^^ a^y^ll < Af,„ for all (a,) G 
1 1 ELi I > ^™ foi" soi^e (a,) G Bv 

It is important to note that if (ki) G [N]'^ and ki > m then there is a unique q G N 
such that (fci, A:^) G L,n. 

Whenever A: = {ki,...,kq) G Lm, our application of Theorem 14.31 and then per- 
turbation gives a functional / G SBy which satisfies the properties (|18l).(fT9|). and 
(f22|) . In particular we have that J2i=i f i^iyTi) > ^'^^ some (ai) G By- We 
denote //3 by and let for any n G N, 

= \menke L„}. 

Here Qm denotes the natural projection of norm 1 from Y onto [{y'^)]i<n<i<m- 
Finally, we define 

oo 

K=\jKnU {0}. 

n=l 

We first show that (yf |_R-)„<i is a bad uV^-array as an array in Cb{K). Fix a column 
no. {y1°)iZno M„Q-bad uF-sequence. Consequently, given a subsequence 

(C')^! of (yI'°)^«o we have that k := (fci, fc,) G Ln„ for some g G N. By 
k = Q^+i/fc and thus fj: G i^„o C K. J^'^^^ f}:ia^y'^°) > ^ for some (a,) G By, 
and so we obtain that (yf ° |_r-)^„q is an (M„Q/3)-bad sequence in Cb{K), thus 
proving that {y'^\K)n<i is a bad uF-array. 

K is obviously a countable subset of By*- Since F is separable, K is w*- 
metrizable. Thus we need to show that K is a w*-closed subset of By in order to 
finish the proof. 
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Let (gj) C K and assume that (gj) converges w* to some g £ By*- We have to 
show that g G K. Every gj is of the form Q*„^. /^r. for some mj G N, kj G Ln^, and 
some rij G N. 

By passing to a subsequence of (gj), we may assume that either rij — > oo as 
j — > oo or that there is an n G iV such that rij ~ n for all j G N. We will start with 
the first alternative. Let ij be the first element of kj. Since ij > rij, we have that 
ij oo. We also have that f^Xu?) = for all n < i < ij. Thus — > in the w* 
topology as j ^ oo, so g = G 

From now on we assume that there is an n G N such that kj G L„ for all j G N. 
Ln is relatively sequentially compact as a subspace of {0, 1}^ endowed with the 
product topology. Thus we may assume by passing to a subsequence of (gj) that 
kj k for some k G i„, the closure of L„ in {0, 1}'*'. 

We now show that k is finite. Suppose to the contrary that k = {ki)°^^. 
We have that k G Ln, so for all r G N there exists Nr G N such that kj — 
{ki, ...,kr,£i, ...,£s) for some £i,...,£s for all j > Nr. Because kj G i„ we have 
that fci > n, which implies that there exists q € N such that (fci, ...kg) G L„. By 
uniqueness, L„ does not contain any sequence extending {ki, ...,kq). Therefore, 
kN,+i = {ki, ...,kq+i,£i, ...,£s) ^ Ln, a contradiction. 

Since By is w*-sequentially compact, we may assume that /^r converges w* to 
some / G By . We claim that f G K. To prove this we first show that Q^f £ LC for 
all m G N. By HH) and ^ the set {Q*„,fj:.{yf) \ j e N 1 < n < i} has only finitely 
many elements. Since Q^f^ ~^ Qmf as j oo we obtain that Q^fj:, = Qmf fo^ 
j G N large enough. In particular Qnif G K. Next let q = maxfc. Since kj k 
and k is finite, we have Q*f = f and thus f € K. 

Now we show that g G K. By passing again to a subsequence of (gj) we can 
assume that either rrij > max k for all G N or that there exists m < max k such 
that TTij — m for all j G N. If the first case occurs, then gj — Q*n-fi:. converges w* 
to /, and hence g — f <E K. If the second case occurs then gj — Q^^^fj:, converges 
w* to Qmf, and hence g = Q'^f G K. □ 

5. Examples 

In previous sections, we introduced for any basic sequence (vi) the property C/(^.), 
and then proved that if a Banach space X is C^(^i) then there exists a constant C > 1 
such that X is C — U(^y.y As Knaust and Odell proved that result for the cases in 
which (vi) is the standard basis for cq or £p with 1 < p < oo, we need to show that 
our result is not a corollary of theirs. For example, if (w^) is a basis for £p £q with 
1 < q < p < oo which consists of the union of the standard bases for £p and £q then 
a Banach space is C^(t,j) or C — f/(t,i) if and only if X is Ui^ or C — U^^ respectively. 
Thus the result for this particular {vi) follows from |K02j . We make this idea more 
formal by defining the following equivalence relation: 

Definition 5.1. If (vi) and (wi) are normalized basic sequences then we write 
(vi) ~(7 (wi) (or {vi) ^cu {wi)) if each reflexive Banach space is U(^y.) (or C — J7(t,.)) 
if and only if it is U(y^.) (or C — J7(^,.)). 

We define the equivalence relation strictly in terms of reflexive spaces to avoid 
the unpleasant case of £i. Because £i does not contain any normalized weakly 



14 



DANIEL FREEMAN 



null sequence, £i is trivially C/(i,.) for every (w^). This is counter to the spirit of 
what it means for a space to be U(^y.y By considering reflexive spaces, we avoid 
li, and we also make the propositions included in this section formally stronger. 
Reflexive spaces are also especially nice when considering properties of weakly null 
sequences because the unit ball of a reflexive spaces is weakly sequentially compact. 
That is every sequence in the unit ball of a reflexive space has a weakly convergent 
subsequence. 

In order to show that our result is not a corollary of the theorem of Knaust and 
Odell, we give an example of a basic sequence ivi) such that {vi) rf^y (e^) where (e^) 
is the standard basis for cq or 1^ with 1 < p < cxd. To this end we consider a basis 
(vi) for a reflexive Banach space X with the property that 1^ is not for any 

1 < p < oo, but that X is t/(i,i) and not C/co- We will be interested in particular 
with the dual of the following space. 

Definition 5.2. Tsirelson's space, T, is the completion of cqo under the norm 
satisfying the implicit relation: 

1 " 

l|2^ll = l|a:||oo V sup o XI 

neN(_Ei)5'C[N]"n<£'i<...<£;„ ^ ^^-^ 

(ti) is the unit vector basis of T and (i*) are the biorthogonal functionals to (t.i). 

Tsirelson constructed the dual of T as the first example of a Banach space which 
does not contain cq or for any 1 < p < oo [T] . Though we are more interested in 
T*, we use the implicit definition of T (which was formulated by Figiel and Johnson 
in |FJ| ) as it is nice to work with. Therefore, we need some propositions that relate 
sequences in a space to sequences in its dual. 

Proposition 5.3. If{vi) is a normalized bimonotone basic sequence, (xi) is a basic 
sequence, and C > then 

(i) (vi) C-dominates (xi) if and only if (v*) is C-dominated by {x*), 

(ii) {vi) C-dominates all of its normalized block bases if and only if (v*) is 
C-dominated by all of its normalized block bases. 

Proof. We assume that [vi) C-dominates (xi) and let (a^) e cqo and e > 0. There 
exists {hi) g Coo such that cuv^i^ biVi) = \ \J2 and || J2 biVi\ \ < 1 + e. We 

have that 

ll$]a.<ll =5I«'^nII b^X^)<Ci^+e)\\Y,'^^X*^\\■ 

Thus (v*) is C— dominated by (x*). The converse is true by duality in the sense 
that we replace the roles of (vi) and {xi) by {x*) and (w*) respectively. We have 
{x**) = {xi) and (w**) — (vi) and thus the converse follows and hence (i) is proven. 

We assume that (vi) C-dominates all of its normalized block bases, and let 
i12'j=k~^ ^ normahzed block basis of (wi)^i. Because {vi) is bimono- 

tone, there exists a sequence {bj)°^i C [—1, 1] such that: 

ki-^i — 1 — 1 ki-^-i — 1 

j=ki j=ki j=ki 

Hence (Yl^l^k- ^ bjVj)°°^i is the sequence of biorthogonal functions to the block 
basis {Yl!j=k~^ We have that {vi) C-dominates {Yl!j=k~^ bjVj) and thus 
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(Ej=fc' ajv*) C-dominates «) by (i). The converse follows by duality and hence 
(ii) is proved. □ 

Proposition 15.31 together with some well known properties of (ti) yields the fol- 
lowing. 

Proposition 5.4. (t*) ^jj (e^) where (e^) is the standard basis for Cq or ip for 
1 < p < oo. 

Proof. It easily follows from the definition that (ti) is an unconditional normalized 
basic sequence and that (ti) is dominated by each of its normalized block bases. 
Also, the spreading model for (ti) is isomorphic to the standard £i basis. By 
proposition 15.31 (t*) is an unconditional basic sequence that dominates all of its 
block bases and has its spreading model isomorphic to the standard basis for basis 
for Cq. T* is reflexive because (t*) is unconditional and T* does not contain an 
isomorphic copy of cq or £i. As (t*) has the standard basis for cq as its spreading 
model, we have that ip is not J7(f) for all 1 < p < oo. Therefore (t*) ^jj Ip 
for all 1 < p < oo. As (i*) dominates all of its normalized block bases and every 
normalized weakly null sequence in T* has a subsequence equivalent to a normalized 
block basis of (t*), we have that T* is U{t*)- T* does not contain cq isomorphically 
thus T* is not Uc„. Therefore, (t*) '/^u co- □ 

We have shown that (t*) ^ (e^) where (e^) is the usual basis for cq or Ip for 
1 < p < oo, but we can actually say something much stronger than this. One of 
the main properties of Ip used in [K02j is that £p is subsymmetric. If for each basic 
sequence (vi) there existed a constant C > 1 and a subsymmetric basic sequence 
(wi) such that (vi) ^cu (wi) then actually the first half of [K02' would apply to 
all basic sequences without changing anything. The following example shows in 
particular that this can not be done. 

Proposition 5.5. If {vi) is a normalized basic sequence such that [vki) dominates 
(vi) for all ih) e [N]^ then (v,) ^/.^ {t*). 

In general, it can be fairly difficult to check if a Banach space is C/(^.), as every 
normalized weakly null sequence in the space needs to be checked. In contrast to 
this, it is very easy to check if T* is This is because [ti) is dominated by 

all of its block bases, and thus by Proposition 15.31 T* is U^^ if and only if [vi] 
dominates a subsequence of {t*). In proving Proposition 15.51 we will carry this 
idea further by considering a class of spaces, each of which have an unconditional 
subsymmetric basis (e^) such that (cj) is dominated by all of its normalized block 
bases. The additional condition of subsymmetric gives that [e*] is f/(„.) if and only 
if {vi) dominates (e*). Hence, we need to check only one sequence instead of all 
weakly null sequences in [e*]. 

The spaces we consider are generalizations of those introduced by Schlumprecht 
[S] as the first known arbitrarily distortable Banach spaces. We put less restriction 
on the function / given in the following proposition, but we also infer less about 
the corresponding Banach space. The techniques used in [S] are used to prove the 
following proposition. 

Proposition 5.6. Let / : N ^ [l,oo) strictly increase to oo, /(I) = 1, and 
liiTin^oo n/ f (n) = oo. If X is defined as the closure of cqq under the norm \\ ■ \\ 
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which satisfies the implicit relation: 



ll^^ll = ||a;||oo V sup — — -} \\Ej{x)\\ for all xe Coo, 

meN,Ei<...<E^ j{m) ^ 

then X is reflexive. 

Proof. Let (e„) denote the standard basis for cqo- It is straightforward to show that 
the norm || • || as given in the statement of the theorem exists, as weh as that (e„) 
is a normahzed, 1-subsymmetric and 1-unconditional basis for X. Furthermore, 
(e„) is 1-dominated by aU of its normahzed block bases. We will prove that X is 
reflexive by showing that (e„) is boundedly complete and shrinking. 

We first prove that (e„) is boundedly complete. As (e„) is unconditional, if 
(cn) is not boundedly complete then it has some normalized block basis which 
is equivalent to the standard co basis. However, (cn) is 1-dominated by all its 
normalized block bases, so (e„) is also equivalent to the standard cq basis. Hence 
sup^gpj II X]„=i Cnll < oo. This contradicts that ||X)n=ien|| > N/f{N) oo. 
Thus (e„) is boundedly complete. 

We now assume that (e„) is not shrinking. As (e„) is unconditional, it has a 
normalized block basis which is equivalent to the standard basis for £i. We 
will use James' Blocking Lemma [J] to show that this leads to a contradiction. In 
one of its more basic forms, James' blocking lemma states that if (a;„) is equivalent 
to the standard basis for £i and e > then (a;„) has a normalized block basis which 
is (1 + e)-equivalent to the standard basis for £i. Let < e < ^(/(2) — 1). By 
passing to a normalized block basis using James' blocking lemma, we may assume 
that (xn) is (1 + e)-equivalent to the standard basis for ii, and thus any normalized 
block basis of (a;„) will also be (1 + e)-equivalcnt to the standard basis for £i. Let 
e„ > such that X^J^i < 

We denote || • \ \m to be the norm on X which satisfies: 



1 



||a;||m= sup -JT-:/ ll-E'j(a;)|| for aU a; G cqo. 
E,<...<E^ /(to) ^ 



We will construct by induction on n £ N a normalized block basis (j/i) of {xi) such 
that for all TO G N we have: 

(23) If WvjWm > e," for some 1 < j < n, then \\yn\\m < -77— r- 

/(to) 

For n = 1 we let yi—xi, and note that ([^5]) is vacuously satisfied. 

We now assume that we are given 71 > 1 and finite block sequence (yi)"^i of 
(xi) which satisfies We have limm^oo WViWrn < lim„^oo #supp(?/i)//(to) = 
(where supp(?/i) denotes the support of yi). Thus, there exists N > supp(y„) such 
that llyillm < Ci for all 1 < z < ^ and all m > N. Using James' blocking lemma, 
we block {xi)°ZN i'^to (zi)iSi such that (zi)iSi is (1 + e„+i/3)— equivalent to the 

standard £1 basis. Let M > QN/tn+i and define yn+i = u^m rrSi^i^j- Let 

TO G N such that ||?/j||m > for some 1 < j < n. By our choice of TV G N, we 
have that m < N. There exists disjoint intervals Ei, . . . , Em C N and integers 
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^ = kg < ki < . . . < such that: 

rrt ki 

/(m)||y„+i|U = — ^ ||Pe. ^jII 

II 1^1 i=l j=fei-i 

^ M E ii^^^^'-^-^ii + ii E -.ii + ii^^.-'^. 

<i±^(Af + 2m) 

< (1 + e„+i/3) (1 + 2N/M) < (1 + e„+i/3) (1 + e„+i/3) < 1 + e„+i. 



Hence, the induction hypothesis is satisfied. 

We now show that property (p3)) leads to a contradiction with (j/;) being (1 + 
e)— equivalent to the standard £i basis. Let n G N. We have for some m e N that 
II ELi f II = II Er=i f lU- By (ESI) there exists 1 < j < ti + I such that ||y,||„, < e, 
for all 1 < i < j and /(TO)||yi||m < 1 + for all j < i < n. We have that: 

n n j — 1 1 " 

iiEfii = iiE^iu^-Eii2/'ii™ + -ii%iu + - E 112^^11- 

i—l i—1 i—1 

<->£» + - + — V 1 + 

1=1 -I \ J i=j+i 

ell e 

< - + - ■ 



n n /(2) n/(2) 

ell e 
< - + - ■ 



n n l + 2e n(l + 2e))' 



Thus inf„gN || J27=i ff II ^ TT2e' This contradicts that (y^) is (1 + e) equivalent to 
the standard £i basis. Hence (e^) is shrinking, and X is reflexive. □ 

Using the reflexive spaces presented in Proposition l5.51 we can prove Proposition 
l5.5l for the case in which (vi) in unconditional. The general case will then be reduced 
to this one. 

Lemma 5.7. // (vi) is a 1-suppression unconditional normalized basic sequence 
such that (vki) dominates (vi) for all (ki) G [N]'^ and (vi) is not equivalent to the 
unit vector basis for cq then there exists a reflexive Banach space X which is U^^.^ 
and not Ui 



it')- 

Proof. There exists K > 1 such that (wfcj if-dominates (vi) for all (ki) £ 
define (•) to be the norm on (vi) determined by: 



We 



sup 



E 



ki 



for all (fli) G Coo. 



Where (v*) is the sequence of biorthogonal functionals to {vi). The norm (•) is 
if-equivalent to the original norm || • ||. Furthermore, under the new norm (vki) 
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1-dominates (w^) for all (fc^) e [N]"^. Thus after possibly renorming, we may assume 
that K=l. 

Let e > and \ such that fl < 1+e. We have that {vi) is unconditional 
and is not equivalent to the unit vector basis of co, so for all A: g N there exists 
Nk > fc^ such that: 



(24) 



We define the function / : N 
'l 



fin) 



1 

l-e 



1=1 



> 



fc + 1 

E/t+l 



[l,oo) by: 



if n = 1, 
if 1< n < iVi, 
k + 1 a Nk<n< Nk+i for fc G N. 



We denote 



to be the norm on cqo determined by the following implicit relation: 



|||2^||| = ||a;||oo V sup — — r lll-EiXa;)!!! for all a; £ cqo- 

mGN,Bi<...<B„ J[m) ^ 

The completion of cqo under the norm 1 1 1 - 1 1 1 is denoted by X, and its standard basis 
is denoted by (ci). We have that A''^ > fc^ which implies that limfe^oo k/ f(k) — oo 
and hence X is reflexive by proposition [531 

We now show by induction on fc G N that if (ai)^\ G cqo then 




(25) 



For k=l, we have that ^||| ^^1^ a,e,||| > Et\ l«d > Thus 
((25)) is satisfied. Now we assume that fc G N and that (JliLi tz7")III '^f=i o^i^ilW ^ 
II J2f=i \ for aU (ui) G Coo- 
Let (a,),=Y' C M such that || E^^T' a^v*\ \ = 1. There exists (A)fi'r C M such 
thatS/3,a. = IIEAf^ll = 1. Let/={jGN: |/3j| < If |a»l > ^ + 1 

then III J2i=i^ CLidlW > J2iei l^^'l — 1 = 11 S^i"i*ll ^^'^ done. Therefore 

we assume that Y^iei \ai\ < k+1, and thus Y^iei P^O'^ ^ I]jg/ T+tI"»I < '^k+i- We 
let = Z*^, and claim that fj/'^ < Nk- Indeed, if we assume to the contrary 

that > Nk, then 

The first inequality is due to (uj) being 1-suppression unconditional, and the second 
inequality is due to (vi) being 1-dominated by (vj.). Thus we have a contradiction 
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and our claim that jj^I^ < N^. is proven. We now have that 

1 = ^ PiGi = ^ P^Gi + ^ PiQi 

I /c 
<efc+i + ||^a,,z;*|| 

i=l 

< efe+i + ll^aj.-y*!! 

i=l 

< efc+i + (JJ^ )||| ^^fljieilll by induction hypothesis 

i=l * 1=1 

< efc+i + (J^ — — )||| ^ ajejill by 1-subsymetric. 



The last inequality gives that 1 < (nf=i ttt")!!! o-iGi\\\- Thus the induction 

hypothesis is satisfied. 

We have that (e^) dominates (u*), and hence (vi) dominates (e*). (e*) is sub- 
symmetric and dominates all its block bases, so [e*] is U(^y.y (e*) is weakly null and 
is not equivalent to the unit vector basis of cq, so [e*] is not U^t*)- ^ 



The proof of Proposition 15.51 will follow easily once we have established some 
properties of lower unconditional forms. 

Definition 5.8. If {vi) is a normalized basic sequence, then the lower unconditional 
form of {vi) is the basic sequence (ui) determined by: 

I aiU* 1 1 = sup 1 1 OiV* 1 1 for all (a^) e cqo, 

where {v*) and (u*) are the sequences of biorthogonal functional to {vi) and {ui). 

The following lemma shows why the name lower unconditional form is appropri- 
ate and also that some properties of basic sequences are passed on to their lower 
unconditional forms. 

Lemma 5.9. If {vi) and (xi) are normalized bimonotone basic sequences with lower 
unconditional forms (ui) and {yi) respectively then 

(i) {ui) is a 1-suppression unconditional normalized basic sequence, 

(ii) (vi) l~ dominates (ui), 

(iii) if C > 1 and (ufc.) C— dominates (vi) for all {k-i) G [N]" then {uk^) C- 
dominates for all [ki) £ [N]'^, 

(iv) if (vi) C-dominates (xi) then (ui) C-dominates {yi). 

Proof. Let (a^) G cqo and J C N. We have that ||m*|| — \\v*\\ = 1 because {vi) is 
normalized and bimonotone. To check unconditionality we consider: 



= sup 1 1 ^ a^v* 1 1 > sup 1 1 ^ a^v* 1 1 = 1 1 ^ , 



I y] a,< 
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Thus (u*) is a 1-suppression unconditional normalized basic sequence, and hence 
{ui) is as well. Thus (i) is proven. 

(u*) 1— dominates (v*), and hence {vi) 1— dominates (u;) by Proposition 15.31 
which proves (ii). 

Let (ki) € [N]'^ and assume that (f^J C-dominates (vi). (v*) C— dominates (f^.) 
by Proposition 15.31 Thus, 



II Va.-u-ll = sup II Va,<|| < C sup || Va.-y^JI = C|| Va,UfeJ|. 

7^ ^CN ^ ECN ^ 

Thus (m*) C— dominates (u^..), and hence (iii) follows by Proposition 15.31 
Assume (x*) C— dominates (v*). Thus, 

II Va,M*|| = sup II Vaj<|| < C sup || Va,x*|| = || Va»2/*||. 
leN leB igB leN 

Hence, (y*) C— dominates (u*) and (iv) is proven. □ 



We now use lower unconditional forms to reduce the proof of 15.51 to the case in 
Lemma 15.71 

Proof of Proposition ] 5. 5[ Without loss of generality we assume that (vi) is bimono- 
tone. We let (ui) be the lower unconditional form of (vi). If T* were not Ui^y.-f then 
(vi) (t*) because T* is C/(f). Thus we may assume that T* is U^^.). Hence, there 
exists (ki) G [N]" such that (vi) dominates (tl.). We now have that (ui) dominates 
(^fc ) Lemma 15.91 since (t*) is unconditional. Therefore (ui) is not isomorphic 
to the standard basis for cq. We have by lemma [5?9l that (uj.) 1— dominates (ui) 
for all {ji) G [N]'^. By Lemma [5.71 there exists a space X which is C/(ni) but not 
U(t*)- The space X is also C/(t,.) because {vi) dominates (u;), and thus our claim is 
proven. □ 

We also considered the question: "Does there exist a basic sequence {vi) such 
that {vi) (wi) for any unconditional {wi)?^\ This is a much harder question, 
which is currently open. Neither the summing basis for cq, nor the standard basis 
for James' space give a solution, as these are covered by the following proposition: 

Proposition 5.10. // (vi) is a basic sequence such that sup^gpj || X]r=i ^i'^iW < ^ 
for some (e^) G { — 1, 1}'* and constant D < oo then {vi) ^jj Cq. 

Proof. Let X be a C-Uy Banach space, and let {xi) G Sx be weakly null. By Ram- 
sey's theorem, we may assume by passing to a subsequence that (vi) C-dominates 
every subsequence of (xi). By a theorem of John Elton [E], there exists ii' < oo 
and a subsequence (j/i) of {xi) such that if (ai)"^ G [—1, 1]^ and I C {i : |ai| = 1} 
is finite then || aiyi\\ < if sup„gj^ || J2^=i ^iViW- Thus we have for all A G [N]^'^ 
that 

n n 

\\y^e,y,\\ < K sup \\y^e,y,\\ < KC snpWy^emW < KCD. 

As this is true for all A G [A^]^", {iji) is equivalent to the unit vector basis of cq. 
Every normalized weakly null sequence in X has a subsequence equivalent to cq, so 
X is C/co. □ 
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